Eventual flattening of velocity dispersion profiles of galactic globular clusters in the Milky Way poses a challenge to Newtonian gravity and hence to general theory of relativity in the weak field limit. We explore the possibility of explaining such deviation from expected Keplerian fall-off in dispersion profiles within the framework of Weyl conformal gravity. We choose a set of globular clusters for which recent kinematic measurements are available. We model the globular clusters with Hernquist mass profile and choose a constant mass-to-light ratio throughout the cluster as the only free parameter in the model. Our analysis finds reasonable Weyl gravity fits to the observed dispersion profiles with acceptable mass-to-light ratio for each of the globular clusters. We further recover a Tully-Fisher like scaling relation in globular clusters through Weyl gravity.
INTRODUCTION
Weyl conformal gravity has originally been proposed by Weyl (1918) and has later been re-studied by Mannheim and Kazanas (1989) . The major motivations to pursue Weyl gravity have been to explain the apparent 'mass discrpancies' in galaxies and clusters, and the observed cosmic speed-up of the universe without the ad-hoc addition of exotic Dark Matter (Bertone et al. 2005) and Dark Energy (Peebles and Ratra 2003) respectively. Like any other alternative or modified gravity theory, Weyl gravity tries to achieve these through replacing Einstein's General Relativity (GR) with new laws of gravity. The theory has been able to generate enough interest due to its renormalizability, embedded conformal symmetry and the absence of ghosts (Bender and Mannheim 2008) .
Weyl gravity has been successfully used to fit the rotation curves for several galaxies without resorting to the dark matter (Mannheim 1997; OBrien 2012, 2011; OBrien and Mannheim 2012) . Unlike other modified gravity theories, Weyl gravity predicts an eventual decline of the rotation curve for each and every galaxy at large enough distances from the galactic center. Using extended rotational velocity data for the Milky Way (MW), it has been shown that such prediction is indeed true (O'Brien and Moss 2015; Dutta and Islam 2018) . However, the construction of the MW rotation curve is heavily influenced by the uncertainties in measurements of the anisotropy parameter, and the velocity and galactocentric Email : tousifislam24@gmail.com distance of the Sun. Dutta and Islam (2018) (DI18) have demonstrated that the success of Weyl gravity to account for the MW rotation curve is robust against these current uncertainties. The theory is also found to be consistent with solar system phenomenology (Sultana et al. 2012; Mannheim 2007) . Mannheim (2006) has further showed that Weyl gravity agrees with supernova data for redshift z ∼1. However, its ability to account for observations at the scale of galaxy clusters remains inconclusive (Dutta and Islam 2018; Diaferio and Ostorero 2009; Horne 2006; Cutajar and Zarb Adami 2014) .
From astrophysical point of view, further test for Weyl gravity could be formulated using the observed velocity dispersion profiles of the galactic globular clusters (GCs) in the MW. GCs are generally thought to be devoid of dark matter (Phinney 1993; Moore 1996) . One should therefore expect the velocity dispersion of GCs to follow a Keplerian fall-off and vanish at large distances from the center of the cluster given GR is valid. However, observed dispersion profile for GCs exhibit a different trend. The dispersion is found to be maximum at the center and then it gradually decreases before it settles down for an asymptotic value. One possible explanation for this puzzling observation could be tidal heating. However, Hernandez et al. (2012) have not found any convincing evidence for this hypothesis. One is thus left with the possibility of the breakdown of GR at this length-scale. The apparent similarity between the flat dispersion profiles of the elliptical galaxies and galactic GCs has further bolstered the idea.
DI18 have already showed that Weyl gravity can c 2018 The Authors arXiv:1811.00065v1 [gr-qc] 31 Oct 2018 account for the observed flattening of dispersion profiles for a set of four GCs which have different luminosities, sizes and dynamical histories. In this paper, we would extend the analysis for another set of GCs (NGC 6171, NGC 6341, NGC 7078 and NGC 7099) for which updated velocity dispersion data is available. Data for NGC 6171, NGC 7078 and NGC 7099 have been taken from Scarpa et al. (2004a Scarpa et al. ( ,b, 2007 . Dispersion data for the fourth GC (NGC 6341) are obtained from Drukier et al. (2007) .
The paper is organized in the following way. In Section 2, we would briefly introduce Weyl gravity. The task of testing Weyl gravity against velocity dispersion of GCs will then be taken up in Section 3. We would present the mass model used for GCs in Section 3.1. The theoretical formulation of the velocity dispersion in the context of Weyl gravity will be developed in Section 3.2. Subsequently, we would fit the observational data and present our results in Section 3.3. Finally, we would discuss the implication of our result and conclude in Section 4.
WEYL CONFORMAL GRAVITY
Weyl conformal gravity employs the principle of local conformal invariance of the space-time under the transformation gµν (x) → Ω 2 (x)gµν (x), where gµν is the metric tensor and Ω(x) is a smooth strictly positive function. Such requirement leads to a unique scalar action
where αg is a dimensionless coupling constant and C λµνκ is the Weyl tensor (Weyl 1918) . This action leads to the following fourth order field equation instead of the usual second order field equation in GR (Mannheim and Kazanas 1989) :
where W µν is the Bach tensor, T µν is the matter-energy tensor and ';' denotes covariant derivative. The non-linear nature of the field equation makes it difficult to obtain analytical solutions. However, for static spherically symmetric geometry, the line element can be written as (Mannheim and Kazanas 1989 )
The field equation then reduces to a simpler fourth order Poisson equation in the weak field limit (Mannheim 2006 )
where f (r) is the source function. The vacuum solution then immediately reads
Identifying B(r) = 1 + 2φ c 2 , one may write the effective potential for a point source to be
We note that in addition to the Newtonian term, the solution features a linear potential term, important on galactic scales, and a quadratic term, important on cosmological scales. Successful fitting to galaxy rotation curves further requires γ to be broken into two parts:
where M is the point-source mass (Mannheim 1997) . The potential thus becomes
where β = M M β * . Weyl gravity thus possess four universal parameters: β * , γ * , γ0 and κ. Previous fits to galaxy rotation curves (Mannheim 1997; OBrien 2012, 2011; OBrien and Mannheim 2012) yielded the following values for the Weyl gravity parameters: β * = 1.48 × 10 5 cm; γ * = 5.42 × 10 −41 cm −1 ; γ0 = 3.06 × 10 −30 cm −1 and κ = 9.54 × 10 −54 cm −2 . However, a more convenient parameterization for the potential would be (Horne 2006 
where the γ0 and γ * translates to R0 = 2GM γ * c 2 1/2 = 24 kpc and M0 = γ 0 γ * M = 5.6 × 10 10 M . The third term generates a constant acceleration GM 0 c 2 R 2 0 independent of the local source and is attributed to the homogeneous cosmological background (Mannheim 2006) . The fourth term, on the other hand, incorporates the effect of inhomogeneities in the cosmological background (Mannheim 2006 ). Therefore, in Weyl gravity, the potential for the vacuum around a point mass is a summation of contribution from both local and global effects.
TESTING WEYL GRAVITY WITH GLOBULAR CLUSTERS

Mass profile of GCs
We assume GCs to be spherically symmetric and nonrotating. We consider the mass-to-light ratio of GCs, M L , to be constant throughout the cluster. We then model the mass distribution of the cluster using a simple Hernquist profile (Hernquist 1990 )
where M = ( M L )L is the total mass of the cluster, and r0 is a characteristic radius. L denotes the total luminosity of the cluster. For GCs, we take the half-light radius as r0. Our sample includes NGC 6171, NGC 6341, NGC 7078 and NGC 7099. Total luminosity and half-light radius for these GCs are listed in Table 1 . Though one could choose several other mass profiles to model GCs, the choice of a different model is unlikely to alter the final results (Moffat and Toth 2008) . Table 1 . Mass distribution of GCs: Half-light radius and luminosities for different GCs is listed here (Scarpa et al. 2004a (Scarpa et al. ,b, 2007 
Velocity dispersion
The gravitational potential of a point source in vacuum has been given by Eq. (8). We have already pointed out that the first two terms originate from local source while the last two are global terms. Thus, for an extended source, the first two terms will be modified while the last two would remain unaltered.
To compute the gravitational potential within GCs, we assume them to be self-gravitating spheres. We adopt the formalism outlined by Horne (2006) and Diaferio and Ostorero (2009) . We first consider a homogeneous spherical shell of density ρ, radius R and mass m = 4πρR 2 dR. Initially, we ignore the global terms and only concentrate on the contributions from the local sources. The total potential of the shell then reads (Diaferio and Ostorero 2009) 
The local contribution to the gravitational potential of a self-gravitating sphere is then obtained as
where the interior and exterior moments of the mass is defined respectively as
and
The inward gravitational acceleration arising from the local sources in a self-gravitating sphere is thus (Diaferio and Ostorero 2009) a local (r) = −∇φ(r)
Finally, we incorporate the effects of the global terms. The final expression for acceleration now reads a(r)
For spherically symmetric and non-rotating systems like GCs, the velocity dispersion is given by the Jeans equation (Binney and Tremaine 1987 )
where r is the radial distance from the GC center and ρ(r) is the radial density distribution function. We now utilize the constraint lim r→∞ σ 2 (r) = 0. Additionally, we assume anisotropy parameter β = 0. Eq. (16) thus gives
Finally, the corresponding projected line-of-sight (LOS) velocity dispersion reads [see Eq. (14-16) in Moffat and Toth (2008) ] :
where R is the projected distance between the GC center and the stars being observed.
Results
All four GCs considered in this paper ( NGC 6171, NGC 6341, NGC 7078 AND NGC 7099 ) are highly concentrated clusters. For NGC 6171, the dispersion data is available up to a distance of 17 pc from the GC center. Observed projected dispersion is found to decline steadily until it converges to an asymptotic value of 2.7 ± 0.3 km/s. In the case of NGC 6341 and NGC 7099, the flattening is more prominent. For both the clusters, the dispersion data covers the range of radii almost up to 22 pc from the center of the GCs. The dispersion profile settles for an asymptotic value of 3.1 ± 0.4 km/s beyond 10 pc from the cluster center for NGC 6341 while it converges to a constant value of 2.2 ± 0.3 km/s for the case of NGC 7099. NGC 7078 is comparably more massive than the other three clusters considered. For this particular GC, velocity dispersion data goes beyond 40 pc from the cluster center. The asymptotic dispersion is found to be 3.2 ± 0.5 km/s.
We now fit the observed velocity dispersion profiles for these clusters in the context of Weyl gravity. In our model, the only free parameter remains to be the mass-to-light ratio ( M L ) which has been assumed to be fixed throughout a given cluster. The best-fit value of the mass-to-light ratio is obtained when the reduced χ 2 value is minimized. The reduced χ 2 is defined as where f is the degrees of freedom, N is the number of data points, σ obs,i is the observed velocity dispersion, σ weyl,i ( M L ) is the predicted velocity dispersion given a mass-to-light ratio and si is the uncertainties in observed velocity dispersion. The best-fit values of mass-to-light ratio for the clusters have been shown in Table 2 .
For NGC 6171, we obtain excellent fit to the data with M L = 1.19 (in solar unit) and χ 2 ν =0.126 (Figure 1) . The best-fit profile for Weyl gravity becomes almost flat beyond 10 pc from the GC center. The asymptotic value of velocity dispersion is 2.8 km/s. For NGC 6341, the best fit is obtained for M L = 0.96 with χ 2 ν =0.77 ( Figure  2) . The flattening in the best-fit Weyl gravity dispersion Figure 6 . We plot the measured asymptotic velocity dispersion for each cluster as a function of total mass. The line gives the best fit σ ∝ M q scaling for the data. q is found to be 0.24 ± 0.06, which is consistent with galactic Tully-Fisher relation.
profile is subtle though the eventual convergence of velocity dispersion is prominent in the observed data. In the case of NGC 7078 (Figure 3) , the reduced χ 2 value for the best fit is relatively larger (χ 2 ν =1.44). However, the difference between the observed and best-fit profile is small. Given the systematic uncertainties in obtaining the dispersion data, such mismatch is acceptable. Moreover, the flattening is easily recognizable in the best-fit profile. Our final GC is NGC 7099 for which best-fit to the data is obtained with M L = 0.63 and χ 2 ν =0.375 (Figure 4) . The best-fit profile is found to reach a constant value of 2.7 km/s around 12 pc from the center. In short, our analysis finds good fit to the observed velocity dispersions for four GCs with best-fit mass-to-light ratio in the range 0.6 < M L < 1.2, which is typical of GCs.
To emphasize the fact that both the observed dispersion profile as well as the best fit Weyl gravity dispersion profile Table 2 . Weyl gravity fits : The first three entries give the name of the GC, best-fit value for the mass-to-light ratio and best fit reduced chi-square value. The fourth column gives the inferred total mass of the GC obtained via Weyl gravity fit. The fifth column gives the total mass inferred from stellar population synthesis (McLaughlin and van der Marel 2005 indeed flattens out beyond a certain distance from the cluster center, we plot the reduced dispersion as a function of reduced distance for all four GCs in question ( Figure 5 ). We normalize the velocity dispersion with the asymptotic dispersion value for each cluster. Similarly, the projected radial distances are normalized by the radial values beyond which significant flattening happens. Normalized best fit profiles for Weyl gravity is then superimposed. The plot shows an underlying similarity between all GCs studied here and thus points towards an universal explanation for the eventual flattening of velocity dispersions in GCs. We successfully show here that replacing GR with Weyl gravity could be a possible explanation.
Finally, we plot, in loglog scale, the measured asymptotic velocity dispersion for each cluster as a function of total mass for all eight GCs studied so far in DI18 and in this work ( Figure 6 ). The total mass for a particular cluster has been inferred through χ 2 fit to the data within the framework of Weyl gravity. We choose the last measured data point for each GC to represent the asymptotic velocity dispersion. The best fit solid line has a slope 0.24 ± 0.06 which is remarkably close to the value of 0.25, predicted in generic modified gravity theories and Tully-Fisher relation at the galactic scale ( σ ∝ M 1/4 ). This plot thus strengthens the argument that the flattening of dispersion profiles in GCs is a signature of modified gravity and bolsters the case for Weyl gravity in the GCs.
DISCUSSIONS AND CONCLUSION
In this paper, we present a phenomenological test for Weyl gravity using the observed velocity dispersion profiles for four GCs ( NGC 6171, NGC 6341, NGC 7078 and NGC 7099 ) for which updated observational data is available. We have modelled the GCs using simple Hernquist mass profile. We have assumed the GCs to be spherically symmetric and non-rotating. Furthermore, we have considered the dispersion profile to be totally isotropic and have taken the mass-to-light ratio to be constant throughout the cluster. On top of that, we ignored any effect of tidal heating and external gravitational pull of the Milky Way on the GCs. In reality, some of the assumption might not strictly hold. For example, some of the GCs might be slowly rotating. The mass-to-light ratio could be radially varying. The anisotropy parameter might have a non-zero value. Still, we have been able to obtain excellent fit to data using Weyl gravity. With much more relaxing assumptions, we expect these excellent fits to hold. Additionally, the four GCs studied in this paper are different from each other in terms of size, luminosity and distances from the galactic center. Nonetheless, dispersion profiles for all of them could be well fitted using Weyl gravity.
Weyl gravity fits to the observed dispersion profiles have resulted mass-to-light ratio ranging in between 0.6 < M L < 1.2 (in solar unit), which is reasonable for GCs. Moreover, total mass for each GC inferred through Weyl gravity fit is in agreement with the total mass derived from stellar population modelling by McLaughlin and van der Marel (2005) ( Table 2) .
We have further showed that the asymptotic values of measured dispersion profile and the inferred total mass for the GCs obtained via Weyl gravity fit is related through the generic Tully-Fisher relation, common for modified gravity theories at the galactic scale. This lends further credibility to the idea that the flattening of the velocity dispersions in GCs and rotation curves in galaxies are linked to the same physics which demands alternatives to GR. In this article, using velocity dispersions of GCs, we successfully show that Weyl gravity is indeed one of the viable alternatives.
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